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Abstract

A complete characterization of stabilizability for linear switching systems is not available in the literature. In this paper, we
show that the asymptotic stabilizability of linear switching systems is equivalent to the existence of a hybrid Lyapunov function for
the controlled system, for a suitable control strategy. Further, we prove that asymptotic stabilizability of a switching system with
minimum dwell time, is equivalent to Input to State Stability (ISS) of the controlled switching system, with a stabilizing control
law. We then derive some structural reductions of the hybrid state space, which allow a decomposition of the original problem
into simpler subproblems. The relationships between this approach and the well-known Kalman decomposition of linear dynamic
control systems are explored.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Stability properties for hybrid systems have been extensively investigated for the past few years (e.g. see [3,20,12],
and [18]). However, checking stabilizability of hybrid systems is not an easy task in general (see e.g. [12]).

In this paper, we derive stabilizability conditions for linear switching systems, a particular class of hybrid systems
where the continuous dynamics and the reset functions are linear and the transitions depend only on an event that acts
as a discrete disturbance. The continuous dynamics are given by a linear control system (whose dynamic matrices
depend on the current discrete state), where the input function can be designed for controlling purposes. This class is
a generalization of the class of linear polysystems, as defined in [4].

We then introduce the notion of Hybrid Lyapunov function and show that Uniform Asymptotic Stabilizability
(UAS) of linear switching systems having a minimum dwell time is equivalent to the existence of a hybrid Lyapunov
function for the controlled system, for a suitable control strategy. Moreover, we prove that UAS is equivalent to Input
to State Stability (shortly ISS, as introduced in [17]), of the controlled switching system, with a suitable stabilizing
control law. For the controlled switching system, which is in general nonlinear, these results are summarized in the
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following table:

3 Hybrid Lyapunov

. — | UAS | < | ISS
Function

Under the assumption of linearity of the continuous dynamics, the results we present in this paper are stronger
than the results presented in the literature. In particular, in [11] Liberzon argued that a suitable common Lyapunov
function for a nonlinear switching system, with identity reset and arbitrary switchings, implies ISS of the same system.
Conversely, for the same class of switching systems, Mancilla et al. in [14] showed that ISS implies the existence of a
common ISS Lyapunov function. Again for the class of nonlinear switching systems, with identity reset and arbitrary
switchings, Uniform Global Asymptotic Stability (UGAS) was proved to be equivalent to the existence of a Lyapunov
function in [4]. Then, since by definition ISS implies UGAS, for the class of nonlinear switching systems with identity
reset and arbitrary switchings, the following implications follow from the results presented in the papers mentioned
above:

3 Lyapunov =UANY
F Jni'rion UGAS | < | ISS - Lyapunov
[4] [11],[14] Function

In this paper, we also present structural reductions of the hybrid state space, which can be used to decompose the
original problem of checking stabilizability into simpler subproblems. To do so, we introduce the notion of hybrid
invariant subspace. Based on this notion and on [8], we show that the given system can be decoupled into controlled
and autonomous linear switching subsystems. We then prove that UAS of the controlled subsystem and uniform
asymptotic stability of the autonomous subsystem imply UAS of the given system. Dual results on detectability-based
state-space reductions have been recently established in [6].

The paper is organized as follows. In Section 2, we review definitions of switching systems and stabilizability.
In Section 3, we introduce the notion of Hybrid Lyapunov function and state our main stabilizability conditions.
In Section 4, we present structural reductions of the hybrid state space based on the notion of hybrid invariant
subspace. In Section 5, we define a state space transformation that decouples the given system into controlled and
autonomous linear switching subsystems. We show that the asymptotic stabilizability of the controlled subsystem and
the asymptotic stability of the autonomous subsystem imply the asymptotic stabilizability of the given system. The
minimality of this decomposition is proved in Section 6, where the concept of input to state equivalence for switching
systems is defined. Section 7 offers concluding remarks.

2. Switching systems

We define the class of linear switching systems [5] using the general model of hybrid automata (see e.g. [13,19]).

The hybrid state & of a linear switching system is composed of two components: the discrete state g;, belonging
to a finite set Q, and the continuous state x, belonging to a linear space R/, whose dimension n; depends on g;. The
evolution of the discrete state is governed by a Finite State Machine (FSM); a transition e = (g;, 0, g5) may occur at
time ¢ from the discrete state g; to the discrete state gy, if the discrete disturbance o occurs at time 7. The evolution
of the continuous state is described by a set of linear dynamic control systems, each associated with a discrete state.
Whenever a transition e occurs, the continuous state x is instantly reset to a new value. More formally,

Definition 1. A linear switching system S is a tuple
(E’ 97 S? E’ R)!

where:
o = = |J;cs {gi} x R" is the hybrid state space, where:

o Q ={qi,i € J}is the set of discrete states, J = {1,2,..., N};

o R™ n; > 0, is the continuous state space associated with the discrete state g; € Q;
e O = X x R™ is the hybrid input space, where:

o X = {op, h € J1}is the discrete disturbance space, J1 = {1, 2, ..., Ni};

o R™, m > 0, is the continuous input space;
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e § is a map associating with each discrete state g; € Q the following linear dynamic control system:
x(@) = filx(@),u)),

where x(z) € R™ is the state, u(¢t) € R™ is the input at time ¢ > 0 and the function f; is linear on R" x R™;
e £ C O x X x Qisacollection of transitions;
e R={R,,e € E};foreache = (gi,0,qn) € E, R, : R" — R™ is the reset function, linear on R".

A linear switching system S is said to be autonomous if each system S(g;) is an autonomous system, i.e. described
by the equation x(¢) = f; (x(¢)), with f; linear on R".
If mn; > 0, then the system S(g;) can be equivalently rewritten as

X(t) = Aix(t) + Biu(1),

where A; € R"*" and B; € R"*™,
If n; > 0 and m = 0, then S(g;) is an autonomous system described by the equation

x(t) = Ajx(1).

Given e = (g;, 0, q) € E, if njn; > 0 then there exists a matrix M, € R">*" guch that R, (x) = M,x.

‘We now formally define the semantics of linear switching systems. First of all we assume throughout the paper that
the discrete disturbance is not available for measurements, and that the class of admissible continuous inputs is the
set U of piecewise continuous control functions u : R — R™. As defined in [13], a hybrid time basis t is an infinite
or finite sequence of sets I; = {r e R : ¢#; <t < t}}, with t;. =tjy1;setcard(r) = L + 1. If L < oo, then #; can
be finite or infinite. A hybrid time basis 7 is said to be finite, if L < oo and f; < oo and infinite, otherwise. Given a
hybrid time basis 7, any time instant ¢’, is called switching time. Since linear switching systems are time invariant, we
assume without loss of generality that 7y = 0.

Throughout the paper, we assume that there is minimum time separation between two consecutive switching times:

Assumption 1 (Minimum Dwell Time). There exists a real §,, > 0, called minimum dwell time [15], such that for any
hybrid time basis 7, t} —1;>8,,j=0,...,L.

Such assumption plays a key role in some of the results that we establish in this paper (in particular in Theorem 14
and in all results depending on it). However, for simplicity we will suppose that Assumption 1 holds throughout all
the paper.

The existence of a minimum dwell time is a commonly used assumption in the analysis of switching systems
(e.g. [15,12,7] and the references therein), and models the inertia of the system to react to an external (discrete) input.
Denote by 7 the set of all hybrid time bases satisfying Assumption 1. The temporal evolution of a linear switching
system can be now defined as follows:

Definition 2 (Switching System Execution). An execution x of a linear switching system S is a collection

(EO’ r’ G’ u’ E)’

with hybrid initial state & € =, hybrid time basis T € 7, discrete disturbance o : N — X, control input u € U/ and
hybrid state evolution £ : R x N — Z=. The hybrid state evolution £ is defined as follows:

£(0,0) = o,
§(t,))=(q(j),xt,j), teljj=01,...L,
Etjist, J+ D =(q (G + 1), Re;(x(t}, ), j=0,1,...,L—1,

where ¢ : N — Q,and forany j =0,1,...,L —1,¢; = (q(j),0(j),q(j + 1)) € E and x(¢, j) is the (unique)
solution at time ¢ of the dynamic system S(g(j)), with initial time ¢;, initial condition x (¢, j) and continuous input u.

Remark 3. The class of linear switching systems is related to the class of linear switched systems, which has been
extensively studied in the literature (see e.g. [18] and the references therein). While in a switching system transitions
are caused by discrete disturbances, in a switched system they are caused by discrete inputs (i.e. discrete controls).
A formal definition of switched systems can be obtained from Definition 1 by assuming that X' is the set of discrete
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inputs. The semantics of switched systems is formally specified by Definition 2, where o : N — X is a discrete input
function. The notion of switched systems obtained by Definition 1 generalizes the models of [18], where transitions
are defined between every pair of discrete states and the reset matrix is the identity.

We abuse notation by using the same symbol x both for the state of S(g) and for the continuous component of
the hybrid state of S. The context and the different arguments of the functions make the meaning of such a symbol
univocally determined.

We focus on feedback control laws, where the control input « at time ¢ depends on the values of the hybrid state at
times ¢’ < t. Given a linear switching system S and an execution x, let the function n : R — £ be defined as:

n(t)=£&(%,j), te [tj,t;-),j =0,1,..., L.

We assume that the hybrid state evolution is available for control synthesis, and hence the set

Y = {nlo,q,t = 0},

embeds all the information on the hybrid state evolution available for control purposes.

A control strategy ¢ is a function ¢ : J — R™ such that the function defined by u (1) = ¢(nl[0,1]), ¢ > 0 belongs
to U. A switching system S together with a control strategy ¢ is called controlled switching system and its executions
with u (t) = ¢(nl[0,r]), t > 0 are called controlled executions.

Given a switching system S and two sets

2=Jla}x 2 c5.
iel
2 = Jta} x 9/ c 5,
iel
we define for any ¢ € R
0+ 0 = U {git < (2 + 2)),
ie
af) = U{qi} X afd.
ieJ
The set {2 inherits the properties of the sets {5 C R". In particular, {2:

e is convex (resp. bounded), if {2 is convex (resp. bounded), Vi € J;
e has the origin as an interior point, if each set {2; has the origin as an interior point in R".

Define the hybrid unit ball by:
B=Jlai} x Bi,

iel
where B; = {x ¢ R" : ||x||,, < 1} and ||x||,, denotes the Euclidean norm in R":.

3. Stabilizability, invariance and Lyapunov analysis

In this section, we introduce a notion of asymptotic stabilizability, uniform with respect to all possible switching
sequences (hence called UAS in the introduction). Linearity of the dynamics implies that uniformity with respect to
initial states in p/3 and globality can be assumed without loss of generality. Therefore, throughout the paper we call
this property asymptotic stabilizability, for simplicity.

We extend some well-known results for stabilizability of linear systems to stabilizability of linear switching
systems. In particular, we show the equivalence between asymptotic stabilizability and the existence of a suitable
Lyapunov function and then we show that asymptotic stabilizability is equivalent to input-to-state stability, as defined
in [17].

Definition 4 (Asymptotic Stabilizability). A linear switching system S is asymptotically stabilizable if there exists a
control strategy ¢ (called stabilizing control strategy) such that the following conditions are satisfied:
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(i) Ve > 0,3p > Osuch that £(¢, j) € eB,Vt > 0,Vj =0, 1, ... and for all controlled executions of S with hybrid
initial state & € pB;

(ii) Ve > 0,Vp > 0,3 > O such that £(¢, j) € eB, ¥Vt € [; N[i,00),¥j = j,....,L,j =min{j : 7 € I;}, for all
controlled executions of S with hybrid initial state &y € pB.

Since we are addressing stabilizability (an asymptotic property), in this definition we considered infinite executions,
i.e. executions such that

i(t; —tj) = 00.

j=0

A switching system satisfying condition (i) in Definition 4 is said to be stabilizable. An asymptotically stabilizable
autonomous linear switching system is said to be asympiotically stable. If condition (ii) holds with ¢ = 0, then §
is called controllable. Furthermore given J C J, if there exists a control strategy such that conditions (i) and (ii) of
Definition 4 hold for all controlled executions of S with hybrid initial state & € (J;.7{gi} x pB;, we say that S is
asymptotically stabilizable starting from é ={gqi€Q,i € T }.

Remark 5. By applying the definition above, the following result is established: a linear switching system S with
minimum dwell time §,, > 0 is controllable if and only if any linear system S(g;), g; € Q is controllable.

The definitions below generalize the concepts of invariant set, controlled invariant set, and domain of attraction
(see [1]) to hybrid systems. Let 0 denote the identically zero function in the appropriate space.

Definition 6. Given a switching system S, a set

N=Jlg)x2cs
ieJ
is said to be:
e S-invariant if, for any hybrid initial state &y € {2 and for any execution of S with u = 0,
Et,j)ef), Vtel;, Vj=0,1,...,L; (D)

e controlled invariant, if there exists a control strategy ¢ such that for any controlled execution of S with hybrid
initial state & € {2, condition (1) holds. We say that ¢ makes the set {2 invariant for system S;

e a B-domain of attraction for some B > 0, if there exists a control strategy ¢ such that for any controlled execution
of § with hybrid initial state & € {2,

E(t,jyee PR, Viel;,¥j=0,1,...,L.

Remark 7. The existence of a controlled invariant set (resp. domain of attraction) is deeply related to the stabiliz-
ability (resp. asymptotic stabilizability) property of the system. In particular, the existence of a controlled invariant
set (resp. domain of attraction) for S, that is bounded with the origin as an interior point, implies stabilizability (resp.
asymptotic stabilizability) of the system S. We will show that the converse implications hold as well.

Given some set 2 C R", Z; ({2) and Z;g ({2) denote the maximal controlled invariant subset of {2 and the maximal
B-domain of attraction in {2 for system S(g;), respectively. Such maximal sets are well defined, since the properties
are closed with respect to union of sets. Obviously Z;o (£2) = Z; ({2).

The following results fully characterize S-invariance, controlled invariant sets and domains of attraction for
switching systems. Such characterization will be useful for assessing stabilizability of a switching system in terms
of the existence of controlled invariant sets or domains of attraction. Given e = (g;, 0, q5,) € E, the symbol Re_1 )
denotes the inverse image of the set {2, through the function R.. Let x;(z, xo, ul[o,r)) be the controlled evolution at
time ¢ of the system S(g;), starting at + = O from the initial state xo, with control u. The proof of the following first
lemma is a straightforward generalization of results established in [5] and is therefore omitted. Consider a set:

Q:U{qi}x 2 CE.
iel
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Lemma 8. The set (2 is S-invariant if and only if for any xo € {2; the following conditions hold:

@) x; (¢, x0,0) € £2,,VYt > 0and
(i) Re(xi(t,x0,0)) € 2,Ve = (qi,0,qy) € E, ¥Vt > §.

Lemma 9. The set {2 is a B-domain of attraction (resp. controlled invariant set) for the system S if and only if there
exists a control strategy ¢ such that, by setting u (t) = o(nljo.;7), t = 0, for any i € J and for any xo € (2 the
following conditions hold (resp. the following conditions hold with 8 = 0):

(i) xi (1, x0, uljo.) € e P (%, ¥t > 0 and
(i) x; (¢, x0, uljo,) € e P Tig (mjeJ[ (R(:],l,g,qj)(ﬂj)) N 9i> JVE > 6,
where J; ={h € J : (qi,0,qn) € E}.

Proof. For the characterization of controlled invariance, see [5]. As for the property of being a 8-domain of attraction,
givenS=(5,0,8,E,R)setS = (5, 0,5, E, R), where S’ associates to any ¢ € Q the linear dynamical control
system

s RO = A+ BDx®) + Biu(), ifn; > 0,
5@ {S(q), if n; = 0.

It is easily seen that {2 is a S-domain of attraction for the system S if and only if {2 is a controlled invariant for the
system S’. Therefore by linearity of S and S’ the result follows. W

The following theorem establishes the equivalence between stabilizability and the existence of a controlled
invariant set and between asymptotic stabilizability and the existence of a domain of attraction.

Theorem 10. A system S is stabilizable (resp. asymptotically stabilizable) if and only if there exists a bounded set
with the origin as interior point, which is controlled invariant (resp. a B-domain of attraction for some 8 > 0) for S.

Proof. Equivalence between stabilizability of S and the existence of a bounded set with the origin as interior point,
controlled invariant for S is a straightforward consequence of Definitions 4 and 6. As pointed out in Remark 7, the
existence of a S-domain of attraction for S, that is bounded with the origin as interior point, implies the asymptotic
stabilizability of S. Conversely, if S is asymptotically stabilizable, then there exists a sufficiently small 8 > 0 such
that the system &', defined in the proof of Lemma 9, is stabilizable. Hence by the first part of this proof, there exists a
bounded set with the origin as interior point, controlled invariant for S’, which, as already pointed out in the proof of
Lemma 9, is a B-domain of attraction forS. B

Given a switching system S, a function V : = — R is continuous if V ((g;, .)) is continuous, for each i € J.

The function V is said to be non-increasing (resp. strictly decreasing) for an execution y of S if V(&(., j)) is
non-increasing (resp. strictly decreasing) in I;, Vj = 0,1,...,L and V(§ (tj+1, Jj+ 1)) < V(E(t;., N, Vj =
0,1,...,L—1. '

A function V : £ — R is said to be a hybrid Lyapunov function if it satisfies the following conditions:

e V is continuous;
e Vi € J, V ((gi, .)) has a unique minimum at the origin of R".

Consider a bounded controlled invariant set (resp. a f-domain of attraction)
2= Jla} x 2 cz,
ieJ
with the origin as an interior point. Since the switching system is linear, the set {2 can be assumed w.l.0.g. to be

convex.
Given {2, consider the hybrid generalization of the Minkowski functional ¥, : = — R (see [10]):

Vo) =inf{iu e R, u>0:§ € pf2}. @)
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By the above definition, ¥p(§) < 1 (resp. ¥ (&) =1, ¥ (&) > 1),ifand only if & € int(£2) (resp. & € 342, & (2),
where:

int(2) = U {gi} x int(§2) C =,
ieJ
00 = Jlgi} x99 c =.
iel
By (2), ¥ ((gi, .)) has a unique minimum at the origin of R"; furthermore by convexity of (2, function ¥y, is
continuous and therefore ¥y, is a hybrid Lyapunov function. The use of the Minkowski functional allows defining
‘set induced’-Lyapunov Functions, i.e. Lyapunov functions induced by controlled invariant sets or by domains of
attraction. In fact this approach has been inspired by [1], where non-quadratic Lyapunov functions were set and
characterized for the class of linear dynamic control systems.
The above discussion proves the necessity of the following result:

Theorem 11. A switching system S is stabilizable (resp. asymptotically stabilizable) if and only if there exist a control
strategy and a hybrid Lyapunov function that is not increasing (resp. strictly decreasing) for any controlled execution

of S.

Proof. (Necessity) Since {2 is controlled invariant (resp. f-domain of attraction, for some 8 > 0) for S, there exists a
control strategy such that the function ¥y,(.) is not increasing (resp. strictly decreasing) for any controlled execution
of S.

(Sufficiency) Let V be a hybrid Lyapunov function. Since each function V ((g;, .)) is continuous and attains its
unique minimum at the origin of R, then Vr > 0 the set 2" = {§£ € = : V (§) < r} has the origin in the interior, and
there exists a value R > 0 such that Vri,r, 0 < r; <rpy < R, 2"! C 2" and both sets are compact. The function V
is continuous and therefore Vri,r, 0 < ri < rp < R, 3A € (0, 1) such that 2" C 1{2"2. In the following we show
that stabilizability and asymptotic stabilizability hold locally, i.e. in a compact subset of the hybrid state space =’; the
linearity in the dynamics and in the reset makes the results also true globally, i.e. in the whole hybrid state space =.

(Stabilizability) Consider an execution of the switching system. Let us assume & (0,0) € (2", r € (0, R]. Since
there exists a control strategy such that V is not increasing for any controlled execution of S, then & (¢, j) € 2",
Vt€1;,Vj=0,..., L andhence S is stabilizable.

(Asymptotic stabilizability) There exists a control strategy such that V is strictly decreasing for any controlled
execution of S. Consider a controlled execution of the switching system. Let fo = 0. Given some j = 0,...,L — 1
and some 7 > tj + Om, let us assume S(IA, j)e 2, re (0 R].Givend, T e R,0 <d < T < 25, since 2" is
compact and since at most a switching is allowed in [/t: T+ T1, then there exists A € (0, 1), not depending on E(/t: ),
such that £(t + T, h) € A8, being h = j, if no switchings occurred in [¢,7 + T] or h = j + 1, otherwise. Therefore
there exists a control strategy such that the hybrid state converges asymptotically to the set (;.; {¢;} x {0} C 5=,
VE(t, j) € £2". Thus S is asymptotically stabilizable. B

Remark 12. In the particular case of switching systems with identity reset, a Hybrid Lyapunov Function satisfying
Theorem 11 corresponds to a Multiple Lyapunov Function, as defined in [3]. Conversely, a Multiple Lyapunov
Function is not in general a Hybrid Lyapunov Function satisfying Theorem 11, since in Theorem 11 we require
that the function is decreasing along any controlled trajectory. Hence, the concept of Multiple Lyapunov Function
is weaker. However, in Theorem 11 we state the necessity of a Hybrid Lyapunov Function for the stability of the
controlled switching system, while the existence of a Multiple Lyapunov Function is sufficient for the stability of the
controlled switching system [3]. An advantage in defining a function from the hybrid state space to the set of reals,
as we do here with the Hybrid Lyapunov function, is that we obtain a more compact formulation of the results; our
definition of Hybrid Lyapunov Function and Theorem 11 are stated in a very simple way, if compared to the analogous
sufficient results in [3] (see Definition 2.2 and Theorem 2.3).

Remark 13. As a consequence of Lemma 8, the fact that the reset function is the identity does not imply the existence
of a set 2, not depending on g;, such that ;. ; {¢;} x {2 is a f-domain of attraction (resp. controlled invariant set). This
implication holds (hence there exists a common Lyapunov function) if some particular conditions hold: no condition is
given on the dwell time, non-Zeno behaviour is assumed, the reset is the identity function and discrete transitions are
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arbitrary (i.e. no discrete structure is considered, so that a transition is defined between any two discrete states). Under
these particular conditions, Theorem 11 becomes equivalent to converse Theorems of [4]. Under the same conditions,
our stabilizability problem becomes a special case of the one addressed in [2]: more precisely, for the class of polytopic
linear parameter varying (LPV) systems, in this last paper the existence of a stabilizing controller was proved to be
equivalent to the existence of a robust stabilizing controller, i.e. depending on the continuous state, but not on the
discrete state. Therefore, for LPV systems, there exists a hybrid Lyapunov function if and only if there exists a robust
common Lyapunov function. Moreover, we assume a positive minimum dwell time in our paper. Therefore the class
of systems we are considering does not fall in the class of LPV systems, nor in the class of the systems addressed in

[4].

We conclude this section by deriving a property of the ‘bounded input-bounded state’-type for linear switching
systems subject to continuous disturbances. More precisely, we consider a system S? = (E ,0,84 E, Rd) as in
Definition 1, where ¢ is a map associating to any discrete state ¢; € Q the following system:

x(t) = gi (x(1), u(t), w()),

where w € D is the disturbance function, D is the set of piecewise continuous functions w : R — RP”, and
gi is linear in its arguments. We suppose that a disturbance affects also the reset, i.e. for any execution of S¢,
& (tj_H, Jj+ 1) =@U+1, Rfj x(t’, j), w(t;.))), with the reset function Rf/, being linear in its arguments. System
S4 will be said to be asymptotically stabilizable if it is asymptotically stabilizable for w(r) = 0, V¢ > 0.

The first statement of the next theorem says that asymptotic stabilizability of the switching system S¢ implies ISS
of the controlled switching system, for any stabilizing control strategy. Note that in general the controlled switching
system is nonlinear and time varying, since we are assuming a non-zero minimum dwell time. In the second statement,
the case of a vanishing disturbance is addressed.

Theorem 14. Let S be asymptotically stabilizable. Then there exists a control strategy such that
Vr > 0, Yo > 0, dy > 1:&(¢,j) e yB, vVt e I, vVj=0,1,...,L,

for all disturbance functions w € D, with |lw(t)|| < r, Yt > 0, for all controlled executions of S¢ with hybrid initial
state in poB. R
If moreover ||w(t)| < e Mr, V¥t >0, for some X\ > 0 then there exists a control strategy and A € (0, \) such that

Vr > 0, Yo > 0, Jy > 1:£(, j) € ye B, vt € Ij, Vj=0,1,...,L,
for all controlled executions of S¢ with hybrid initial state in j1oB.

The proof is quite technical and does not offer a particular insight that can be used in the rest of the paper. Hence,
it is reported in the Appendix.

4. Invariant hybrid subspaces

In this section, we introduce an invariant linear hybrid subspace that will be the basis of the asymptotic
stabilizability analysis for linear switching systems.

Asset 2 = ;¢ {gi} x £ C Z is a hybrid linear subspace of = if {2 is a linear subspace of R", for any i € J.
In this paper, for the sake of simplicity, we refer to a hybrid linear subspace as a subspace. The following result gives
a necessary and sufficient condition for a subspace to be S-invariant.

Proposition 15. Given a switching system S, a subspace | J;c; {qi} x £2; is S-invariant if and only Vx € (%, Vi € J
the following conditions hold:

o fi(x,0) e
e R.(x) € Oy, Vx € £, Ve = (qi,0,qn) € E.

The proof of this proposition is a straightforward consequence of Lemma 8 and is therefore omitted. Since the
intersection of any two S-invariant subspaces is an S-invariant subspace, the minimal S-invariant subspace containing
a given subspace is well defined.
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Let
G =Jtai} x G 3)

ieJ

be the minimal S-invariant subspace containing

H=|Jtai} x H;, ©)
iel
where:
H— Im(B;), ifmn; >0
TR, otherwise.

The following result illustrates a procedure for computing G in a finite number of steps.

Theorem 16. Given S, define the sequence of subspaces .Qlk CcRYM k=0,1,2,...,i € J,as

_Ql.o =Im(B; A;B; ... A:-lii]Bi)a

n,-—l

Q2f = (A" of
h=0

o = Z {R(qj,a’ql_)(x),x € Qf—l} o
JeJ;

where J; = {j elJ: (qj, o, q,-) € E} The sequence {Ql.k,i € J}k=0.1,2.... converges in k* < ZZN=1 n; steps and

G =t} x 2.

iel

Proof. By definition of G and recalling that by Caley—Hamilton Theorem Qlk is the minimal subspace of R™
containing @f, it follows that .Qik C Gi, Yk € N,Vi e N. By finite dimensionality of the linear subspaces
involved, it is clear that the sequence {Ql.k ,i € J}k=0,1,2,. converges inn < ZlN: | 1 steps to some collection
of subspaces {F;, i € J}, and by Proposition 15, the set | J;.; {gi} x F; is S-invariant. Moreover, by construction,
H C Ui <7 qi} x F;. Since G is the minimal S-invariant containing the set 7, then the result follows. W

Remark 17. The notion of maximal controlled invariant set of switched linear systems was introduced in [9], while
here we introduce the notion of minimal S-invariant subspace. The concept of invariance is the same in both cases.
However, no relationship exists between the sets that are obtained in the two cases because in our case switching is
uncontrollable while in [9], switching control is used to render the sets invariant.

Next we provide a link between results presented in this section and results established in [18], in the framework
of switched systems.

By definition, the discrete evolution of the switching system S = (=, ©, S, E, R) is described by the FSM
(0, X, E). We recall that the FSM is said to be strongly connected if there exists a path between any pair of discrete
states in Q. The following result holds as a direct consequence of Proposition 15 and Theorem 16.

Corollary 18. Consider a switching system S = (=, 0, S, E, R) and suppose that:

() nj=nViel;
(i) R.(x) = x, Ve € E, Vx € R";
>iii) (Q, X, E) is strongly connected.

Then
G=0xg,
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where 5 C R" is the minimal linear subspace of R" satisfying for any i € J the following conditions:

AGcG Im(B)CG.

Remark 19. The subspace é coincides with the ‘multiple controllable subspace’, as defined in [18] in the framework
of switched linear systems (see also Remark 3).

5. State space reductions based on stabilizability

It is well-known that a linear system S is asymptotically stabilizable if and only if a suitable subsystem extracted
from S is asymptotically stable. For general switching systems, asymptotic stabilizability conditions become more
involved. In this section, we show how to extract from a given linear switching system S two subsystems so that
the asymptotic stabilizability of one of them and the asymptotic stability of the other one imply the asymptotic
stabilizability of S.

Our procedure is based on the reduction of the state space of the linear switching system S by means of the invariant
hybrid subspace G, as defined in the previous section.

We first focus on the discrete state space decomposition problem.

Given a linear switching system S = (&, O, S, E, R), define the restriction of S to a subset Q' of Q as a linear
switching system:

SlQ/ = (E/’ @7 S/’ E/7 R/) ’ (5)
where:
5= ta} xR™;
qi€Q’

S'(q) = S(q), Vq e Q'
E' ={(gi,0.q1n) €E:qi,qn € Q'};
R,=R,, VeckE'

The next proposition is a specialization of results established in [8]. It shows a method for reducing the discrete state
space of a given switching system, while preserving asymptotic stabilizability of the systems involved.

Proposition 20 (/8]). Let S be asymptotically stabilizable starting from é Then S is asymptotically stabilizable if
and only if the linear switching system S| oL where Q = {q; € O : qi &€ Q}, is asymptotically stabilizable.

The proposition above implies that S is asymptotically stabilizable if and only if the linear switching system,
obtained from S by skipping all discrete states associated with

e controllable linear systems, or
e with zero-dimensional linear systems,

is asymptotically stabilizable. Therefore we can assume w.l.o.g. that for any discrete state g; € Q, system S(g;) is
not controllable and that n; > 0.

Since we will be presenting a decomposition of the switching system into a switching system with controls and an
autonomous switching system, we suppose w.l.0.g. that S is non-autonomous.

Given the hybrid invariant subspace G as in (3), let 0 < u; < n; be the dimension of G; and define a hybrid state
space transformation for S, as follows. For each i € J, consider the matrix:

T, = (bli...b[ vi vl ) e RM*"i

Wi R TR
where the vectors bi, e, biu are a basis for G; and the vectors v’i, R v,"ll__ u; are such that 7; is full rank. Then the
matrices

n —1

A =T AT,

B =T7'B,,

)

e:Th_lMe]‘[, EZ(QiaUth)
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take the form:

- A(n) A(lz) R B(l) . MAD a2
Ai=|" e | Bi=<i>, Me=< e 622>’
0 A® 0 0o M*?
where, if j1; > 0, A{'" € RM¥# and B{" € RFX" If pipuy, > O then M € R <1,

Remark 21. In general, the pair (A}H), Bl.(l)) is not controllable.

(6)

The switching system obtained after the hybrid state-space transformation is algebraically equivalent [16] to the
switching system S and therefore asymptotic stabilizability is preserved. Thus, there is no loss of generality if we
assume that the dynamic matrices of the switching system S are of the form (6). We define the linear switching

system S, as:
SC = (EC, @7 SC! Ev Rc)s
where Z¢ = | ;¢ {gi} x R¥, S°(q;) is described by the dynamics

where, if y1; > 0, £ (z(1), u(0)) = A"V 2(0) + BV u(e) and, if ;> 0, RE(x) = MM Vx, e = (g, 0, qn).

We also define the autonomous linear switching system S, as:
Sa = Eav 9’ S(l, E? Ra)v
where Z¢ = J;.; {gi} x R"™Hi §%(g;) is described by the dynamics
(1) = f{'(z(0), 0),

where, if n; — i > 0, £ (2(1)) = AZD2(t) and, if (u — ) (0 — i) > 0, RE() = MTx, e = (g1, 0. qn).

The following holds:

Theorem 22. The switching system S is asymptotically stabilizable if and only if S; is asymptotically stabilizable

and S, is asymptotically stable.

Proof. (Necessity) Since starting from G, any execution of S remains in G, then the system S, has to be asymptotically
stabilizable. The necessity for the asymptotic stability of S, is obvious, by its own definition. (Sufficiency) We give
the proof for the case u; > 0, Vi € J. (the case u; = 0, for some i € J, can be solved with the same tools, but
with more cumbersome notations). Consider the linear switching system Scoupled = (Ze, O, Scoupleds E, R¢), where

for any g; € Q, Scoupled(g;) is described by the equations

2(0) = A"z + BN u) + AP, ),

with the hybrid state at # € I; denoted by & (¢, j) = (g(j), x1(¢, j)) and with the state after the transition e equal to

MVx1 @) )+ MEPxa ) ).
Since S, is asymptotically stable, by Theorem 10 there exists a convex bounded set

W= Jlai} x Wi c &

iel

with the origin as an interior point, that is a S-domain of attraction for S, for some 8 > 0. Therefore for some suitable

p there exists a set W C R” and suitable matrices D; and F, such that

AW, cow,  MMPW, c Fw.

Therefore by applying Theorem 14, and by linearity of the switching system, we conclude that the condition is

sufficient. W
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This theorem establish a link to the classical Kalman decomposition of linear systems.

We consider now a special case. We first need to introduce the particular class of static hybrid linear state feedback
control strategies ¢, characterized by the condition that for any discrete state g; € Q, there exists a linear function
K; : R™ — R"™ such that ¢(nlj0,r}) = K; (x(¢, j)). A switching system S is said to be asymptotically stabilizable
via static hybrid linear state feedback if it is asymptotically stabilizable and the stabilizing control strategy is a static
hybrid linear state feedback.

The next result shows that, under appropriate assumptions, the switching system S is asymptotically stabilizable if
and only if S, is asymptotically stable.

Foranyi € J, let

Ci=(Bi A;Bi ... A" 'B)),

l

be the controllability matrix associated with the linear system S(g;) and set

R =|Jlai} x Ri,

ieJ
where R; = Im(C;). The following result holds.

Proposition 23. Suppose that
Gg=TR, @)

then S is asymptotically stabilizable if and only if S, is asymptotically stable. Moreover, in this case, S is
asymptotically stabilizable via static hybrid linear state feedback.

Proof. For sake of simplicity, assume w; > 0. The necessary condition holds by Theorem 22. Condition (7) implies
that the switching system S, is controllable and then by [15], S, is asymptotically stabilizable via static hybrid linear
state feedback with appropriate gain matrices K, Kzl, ... K 11\/ By applying Theorem 14 we conclude that S is
asymptotically stabilizable and hence by setting K; = (Kl.1 0;),i =1,..., N, where matrices 0; are of appropriate
dimensions, we obtain that S is asymptotically stabilizable via static hybrid linear state feedback with gain matrices
Ki, Ky, ...,Kpn. |

Remark 24. Writing the system equations as in (6) is possible also in the case of switched systems, but decoupling
the system into controlled and autonomous subsystems is not possible, in general, since the transitions are controlled.
In fact [18] addresses the special class of switched systems S, where the reset function is the identity, and where the
continuous dynamical systems share the same matrix A, i.e. A; = A, Vi € J. Therefore S, reduces to an autonomous
linear system (hence its behaviour is independent from the transitions sequence) and it is shown that the asymptotic
stability of S, implies the stabilizability of the given switched system, but just in this special case.

6. Input to state equivalence

In this section, a relationship between the systems S, and S is established. To do so, in the next definition we
formalize the concept of input to state equivalence for two switching systems, starting from initial states with zero
continuous component, as the existence of a bijection between the state trajectories of the systems.

Consider any two hybrid spaces:

= =Jla} xR",
ieJ

= = {a} x R™.
helJ’

Let F be the class of functions ¢ : = — =’ which, for any i € J, map {g;} x R" onto {q,’q} x R, i.e. which satisfy
the following implication

Jx e R, 3x" € R"Z,Elq;l €0 :Y¥(gi,x)= (q,;,x/)

U
Vx e R", 3x' € R" 1 ¢ (g1, x) = (g}, %)



762 E. De Santis et al. / Nonlinear Analysis: Hybrid Systems 2 (2008) 750-764

and are linear, in their second argument, i.e.

V(gi>x),(gi,2) € =,
¥ (qi,ax + Bz) = ay (gi, x) + BY¥ (¢i,z), Va,B eR,

where, given £ = (¢, x) € =, the symbol a&, o € R, denotes (g, ax), and, given &1 = (q, x1), & = (¢, x2) € =, the
symbol a1&] 4+ ap&, denotes (g, a1 x1 + apx2).

Definition 25. Two linear switching systems S = (£, 6, S, E, R) and S’ = (E’, e,S E, R’) are O-state input
to state equivalent (shortly /S-equivalent) if @' = © and if there exist functions ¢ : & — =/ and ¥’ : &/ — &,
¥, ¥’ € F, such that:

(i) for any execution x = (§,7,0,u,§) of S, with & € |J;c; {gi} x {0}, there exists an execution x' =
(Eé, v, 0,u, ’g‘/) of S, with &) € ;e {ql’} x {0}, such that o’ (t) = ¥ (n (¢)), Vt € [0, 1), and, conversely,

(ii) for any execution x' = (&), 7,0, u,&’) of &', with & € U;cy Jql’} x {0} there exists an execution y =
(%0, 7,0, u, &) of S, with & € ;¢ {gi} x {0}, such that n (1) = ¥/ (0" (1)), ¥ € [0, 1p).

The definition above implies that if S and S’ are I S-equivalent then card(Q) = card(Q’). It is possible to show
that, in general, the cardinality of the set E is not preserved. We do not dwell more on this point, since we are going
to prove the 7S-equivalence of the systems S and S, which share the same discrete state space Q and the same
transitions set E. In fact,

Proposition 26. The system S; is IS-equivalent to S and has minimal dimensions, i.e. in any other system that is
1 S-equivalent to S, the state dimension of each dynamic system is greater than or equal to the dimension of the
corresponding dynamic system in S,.

Proof. The I S-equivalence is straightforward, by definition of S.. The hybrid state of the system S has to evolve on a
S-invariant set {2, for any input function. Hence {2 has to contain the hybrid subspace H. By linearity of the systems,
the minimal subspace containing {2 is itself S-invariant. Therefore S, is minimal, since G is the minimal S-invariant
subspace, containing the hybrid subspace H. W

7. Conclusion

In this paper, we showed that asymptotic stabilizability of linear switching systems is equivalent to the existence
of a hybrid Lyapunov function for the controlled system, for a suitable control strategy. Further, we proved that
asymptotic stabilizability of a switching system with minimum dwell time, is equivalent to ISS of the controlled
switching system, with a stabilizing control law. We then derived structural reductions of the hybrid state space, which
allow the decomposition of the original problem into simpler subproblems. Moreover, we derived the relationships
between the well-known Kalman decomposition of linear dynamic control systems and our results.

Appendix. Proof of Theorem 14

We assume without loss of generality that n; > 0, Vi € J (the case n; = 0, for some i € J can be solved with the
same tools, but with more cumbersome notations). Therefore continuous dynamics associated to 84 can be described
by the equation

X(t) = Aijx(t) + Biu(t) + Diw(t),
with matrices of appropriate dimensions and
E(tjs1, i +1) =@ G+ 1), Me;x(@), j) + Feyw (@),

with F,; € R"/*P. Since S is asymptotically stabilizable, then by Theorem 10 there exists a convex, bounded set
with the origin as an interior point 2 = | J;c; {¢i} x (2, that is a f-domain of attraction for S, for some > 0.
For the same reason, we can assume w.l.o.g. that the matrices A; are Hurwitz. If A = 0, set A = 0. Otherwise set
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7 € (0, min{x, B)) be such that A; = A; + 1 is Hurwitz, Vi € J. Let W C R” be the set {w € R” : [lw]| < r}. Since
w(t) € e W,V > 0, then w(t) € e W, Vt > 0. By setting z(t) = e* x(¢), the system:

5() = Aix() + Diw(r),  w() e MW, V>0, )
can be rewritten as:

2(t) = Aiz(t) + Div(t), (1) € W, V& > 0.

Since Xi is Hurwitz and W is bounded, then the set R;, reacllable by the disturbance v, is bounded. Let A; be the

—At

convex extension of the set R;. By construction x(¢) = e *'z(t),t > 0 and therefore for any function w, with

w(t) € e_A’\’ W, vVt > 0, it follows that x (¢), solution of Eq. (8), starting from zero initial state, satisfies the inclusion
x(t) € eMA;, ¥t > 0. Let A = J;, {¢i} x A; and @ = max,eg a(e), where, given e = (qi, o, qj), a(e) is such
that F(e)d € a(e){2;,Vd € W. Then there exist / € (0, 1) and p > 0 such that

e o0+ e MA C 1//6_/)&,0.9, Yt > 8, )
VpR +@0 C p0. (10)

To see this, by setting ¥ = miny : A C Y2, consider the inclusions

e P04 MP0 C e Mp 0, Vi > 5, (11
Yo +a2 C pf. (12)

By construction, ¥ € (0, 1) and p > 0 satisfying inclusions (11) and (12), satisfy (9) and (10), as well. On the
other hand by algebraic manipulations of inclusions (11) and (12), it is easy to see that such parameters exist.

Let p be a value of p such that (11) and (12) hold. Then the same inclusions hold for any p > p. Consider a control
strategy which makes (2 a S-domain of attraction for S. Given some j, assume by induction that

Etj, jyee™MipR, p=p.

Then any execution of S (the controlled switching system, with continuous disturbance) satisfies the condition
£t j) € e PUe ™ ipQ e =e ™ MiA, Vi € [1;,1],

and therefore, since A < Band A C 712,

Et, j)ee™(p+P) 02, Vre[tjti+m].
From (9),

Et, ) € e*ﬁ(f*fj)efifjpg 4o M=) =M | — oM (e*ﬁ(f*fj)pg + efx(l*fj)/l)
Ce M (we—i(f—tj)pg) — Y M2, Vi et + 8 1))
Since {2 is a S-domain of attraction, then
(q(j + 1, R(ej)x(t), j)) € ye 41 p 2,
and since A < A and q@(G+1, F(ej)w(t})) cde M0 C @e it {2, then from (10),
(@G + 1, R(ep)x(t, j) + Flepw(i))) € pe i+ 0.
Then by induction we can argue that any execution of S with hybrid initial state in p{2, p > p, satisfies the conditions:

Et,)ee™(p+P) 0, Vee[tjtj+8u]. ¥Vji=01,...
E(t.j)ee™pf, Vieltj+8u,1;1.Vj=01,...
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and hence the above condition implies that, if £(0,0) € p2, 0 > 0

Eh e ™o+ Q. Viel, 1, Vi=0,1,....
If£(0,0) € pf2, p € [0, p) then

Bt j)ee ™ G+P Q. Vel 1 Vi=01,....

Finally, if £(0, 0) € wopB, u such that 2 C uBB, p > p, then

§0. ) ene™ (0 +7)B, Vil ] V=01,
and if £(0, 0) € upB, w such that 2 C uBB, p € [0, p), then

Et,j) e pe ™ B+P)B, Vel ] Vi=0,1,....

Finally by setting ug = o and y = p + ¥ the statement holds.
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