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Abstract— Aim of this paper is to set invariance in stochas- In this paper, we present a first contribution towards
tic dynamical control systems. Given a set within which the development of a computationally feasible solution
the state of the dynamical system should evolve, we study 1, reachability problems for stochastic dynamical control
conditions for finding a control strategy that maximizes the t Wi id i di teti tochasti
probability for the state to be in the given set within a Sys em_s. € consider non—inear discrete-ime S.OC astic
fixed a—priori finite time horizon. We formulate an optimal ~ dynamical control systems and formulate for this class
control problem and we solve the problem at hand by using of systems the2ochastic Invariance Problem: Given a
a dynamic programming approach. Some results towards a  set, within which the state of the dynamical system must
generalization of these results to the case of infinite-time o\0lve we derive conditions for finding a control strategy
horizon are also derived. that maximizes the probability for the state to be in the

Keywords— Stochastic dynamical control system, Stochas- given target set, within a fixed a—priori finite time horizon.
tic Invariance Problem, Dynamic Programming, Optimal  The general formulation of the Stochastic Invariance Prob-
Control. lem provides a way for addressing reachability problems
as a special case (i.e. finding an optimal control strategy
I. INTRODUCTION . . o0

guaranteeing to reach a target set at a given time instant

In the last few years, several stochastic hybrid modelgith maximal probability). Moreover, some new definitions
have been proposed and studied in the literature (see [18f invariant and contractive sets are introduced, which
[4] for an overview), because of their capability to capturgyeneralize to the stochastic setting well-known notions
non-smooth phenomena arising in real life complex sysyyailable in the context of deterministic dynamical systems
tems such as Air Traffic Management (ATM) [4]. A generale g. [3]). To solve the Stochastic Invariance Problem, we
model of stochastic hybrid systems has been presented,jgg g dynamic programming approach [2]. In particular, we
[6], which includes as special cases many stochastic hybrigiormulate the Stochastic Invariance Problem as an opti-
systems available in the literature as for example Piecewi$ga| control problem and solve the optimal control problem
Deterministic Markov Processes [7], Switching Diffusionusing a dynamic programming approach. A generalization
Processes [9] and Stochastic Hybrid Systems [10] (see [1§f the results in finite—time horizon to the case of infinite—
for a formal comparison on these models). However, thgme horizon is also described. A specialization of the
analysis of the dynamical properties of these sophisticatgdgyits to the context of one dimensional stochastic control
models is very difficult. Preliminary work on the analysis yffine systems is presented as an example of application
of stochastic hybrid system properties was given in [Sh the proposed methodology.
and [6], where reachability problems of Piecewise De- The methodology proposed in this paper has been ap-
terministic Markov Processes and of General Stochastf:gied in [16] to a quantitative finance problem. In particular
Hybrid Systems were formulated. Reachability problemfle] sets a unified framework to treat optimal dynamic
for stochastic dynamical systems arise for example in gssets allocation, and generalizes classical Markowitz Port-
conflict resolution problem in dree flight configuration, folio approach [14] to multi—period investments and non—
one of the most challenging problems in the context ofaussian hypotheses on asset classes performance stochas-
ATM (see e.g. [11]). Unfortunately, results reported in [Slijc dynamics.
and [6] do not include Computationally feasible method- This paper is organized as follows. Section 2 is de-
ologies for approaching this kind of reachability problem.yoted to the formal definition of the Stochastic Invariance
In [13], the conflict resolution problem is addressed withproplem. In Section 3, we solve the Stochastic Invariance
a Monte Carlo simulation based approach. In [1], someroplem. In Section 4 we address the special case of one
reachability problems for discrete—time stochastic hybrigjimensional stochastic control affine systems with gaussian
systems are considered and solved. noise. Section 5 offers some concluding remarks.
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where, for anyk € N: The formulation of the Stochastic Invariance Problem is

« 7 € X C R" is the state an& is the state space; duite general to include as special cases also some other

« ux € U C R™ is the control input andU is the Sub—problems as the classical reachability problem, invari-
control input space; ance problem and the characterization of contractive sets

« Wr € W C Rl is a random variable with probability in @ stochastic fashion, thus generalizing classical notions,
density functionpy, vk € N and W is the noise Well-known in the context of deterministic systems (e.g.
space; [3]) to the case of stochastic dynamical control systems,

e [:X xUxW xN— X is the vector field. as shown in the following definition.

We assume that; is given by means of a random Definition 1: Giyen N € N and a control policyr €
variableX,, whose probability density functionjsy, and “/~» @ Set C X is said to be:
that random variables(,, W, Vk € N are independent « reachable in N steps with probabilityp € [0, 1] if
one each other. Given any € X, v € U andk €

N, the probability density function of random variable Py e ¥,zny € X,an-1 € X, .., 20 € X) = p;

fx,u, Wi, k) is denoted byp ¢z . wi k- o _ N @
We focus on the following class of controls o invariant in N steps with probabilityp € [0, 1] if

U={p: X xN-—-U}, P(xp € 2,Vk=0,1,...,N) =p; (5)

namely, the class of time-varying feedback functions. , )\ _contractive in N steps with probabilityp € [0,1]

Let Uy be the class of control inputs sequenge= for some\ € (0, 1), if ’

{t}k=0,1,...,n such thatu, € U, foranyk =0, 1, ..., N.

Any 7 € Uy is calledcontrol policy. Given N € N, and Pz, € NS, Vk=0,1,...,N) = p. (6)

T = { o, 1, s iv_1} € Un—1, We set
X A sety C X is said to benvariant, with probability
m :{Mkauk+1a"'aMN—1}a p|f
for any k € N; then7? = 7.

In safety critical problems (e.g. [8] and the references
therein), which arise in many engineering domains as Air i . o
Traffic Management [13], finance [16], etc., an important ~ @ndA—contractive, with probabilityp if
goal is to find an optimal control strategy guaranteeing to . &
reach a given target set or teemain in a given target set, . Plzy € A5,k =0,1,...,N) =p.
within a finite time horizon. The notions of reachable and Itis readily seen that the tasks of finding optimal control
invariant sets are therefore very important (see e.g. [3]) affblicies maximizing probability quantities (4), (5) or (6)
can be extended to stochastic dynamical control systenffin be cast into the framework of the Stochastic Invariance

lim P(xp € X,Vk=0,1,...N)=p
N—oo

as indicated below. Problem, by appropriately defining the sequence of sets
Given a sequence of sets, ¢ X, k = 0,1,... 2xCX,k=0,1,.., N.

representing the sets of ‘good’ states within which the state

evolution of system (1) must evolve, our problem is to find [1l. M AIN RESULT

a control policy that maximizes the probability of the state _ o o
), to be inXy, for any timek within a finite time horizon This section is devoted to the characterization of the

N, i.e. Stochastic Invariance Problem. More precisely, we refor-
2(k) € Sy, ¥k = 0,1, ..., N. mulate the Stochasti_c In_variance Problem as an optimal
control problem and, inspired by [2], we solve the obtained
More formally, let (2, F, P) be the probability space optimal control problem by using a dynamic programming
associated with system (1). approach. Some results towards a generalization of the
Problem 1. (Stochastic Invariance Problem) Given a results in finite—time horizon to the case of infinite—time
finite time horizon N € N and a sequence of setshorizon are also illustrated.
{Zk}k=0,1,...N, Where for anyk = 0, 1, ..., N, I The first result makes explicit in the probability quantity
are Borel subsets oKX, find the optimal control policy (2), the dependence on the dynamics of system (1) and on
7 € Un_1 that maximizes the statistics of the nois@’;,, k¥ € N and of the initial state
random variableX.
Lemma 1. Given N € N, a control policy # =

Denote byp*(N) the optimal value attained by (2). For {#}k=0..n-1 € Un-1 and a sequence of sets
notational simplicity, we set Lk T E=0,..,N

PlweQ:x, € Xy, VE=0,1,....,N}). (2)

PlweQ:x, € Xy, Vk=0,1,...,N}) =

Plax € S, Vk =0, 1,..., N). 3) P(x’“EE’“’k:0’1""’N):/2NI(N’JC)M' @)



where for anyx € X andk =1,2,..., N
pX()(x)a k = 0)

I(kax) = f pf(z,;tk71,Wk,,l,k—l)(x)z(k -1 Z)dZ,
Y1
k=1,2,.. N.

(8)
Proof: By induction. Fork = 0,

P(zg € Xo) = [ px,(2)dz = | Z(0, z)dz.
Jrees]

Suppose that (7) holds for stép— 1. By Bayes formula,

a triple (k, z, 7*) by:

Isy (x)a k= N;

V(k,z,7") = [ V(k+1,z, 7rk+1)pf(w7ﬂk7wk7k)(z)dz
PIPEEY
k=0,1,..N—1,

(9)
where4(z) is the indicator function of a Borel subsdt
of Xy, i.e.

1, z €A
La(w) = { 0, otherwise.

We assume that all control policigsare such that the cost

functionV" as in (9), is well-defined. The following result
establishes a formal functional relationship betw&eand
7 and hence betweevi and the probability quantity (2).

Proposition 3: Given N € N, a control policyr €
Un-1 and a sequence of sef;}r=0,1,. n, for any
k=0,1,...,N:

/I(N,x)dx:/V(k:,x,ﬂk)I(k;,x)dx.
YN Xk
Proof: By induction. By definition ofZ in (8),

/ I(N, 2)dz = / I, (2)Z(N, 2)dz

the following chain of equalities holds:

P(xo €39, T1 € X1, .., T € Zk) =

= f P(xk € X | (xk_l S dx,xk_g € Yk _o, )
k-1
. P(xk_l S dx,xk_g EXp_2,...,T0 € 20)

(10)

= f (f pf(a;,ukfl,Wk,71,k—l)(z)dz)z(k_ 1,x)dx
Ypo1 Xk

= f( f pf(a;,ukyfl,Wk,71,k—l)(Z)I(k_ 1,$)d$)d2

Yk Tk—1 Sy Sy

= [ Z(k,z)dz. = /V(N,x,ﬂN)I(N,x)dx.
S

Thus, (7) holds for ste. n S

The following result shows that for any choice of the Hence, the statement holds fbr= N. By proceeding
target sets sequend&y },—o,1,..., v the probability to stay backwards, we suppose that (10) is true for stend we
in {Xx}k=0,1,....~N, IS less than or equal to the probability prove that (10) is true for stejp—1. By replacing equation
to stay in the target s€t¥ s }x=0,1,... N1 (8) into equation (10), and by equation (9), we have:

Proposition 2: For any N € N, any control policy

7 = {s}eeo. n_1 € Un—1 and any sequence of sets [ Z(N,z)dz =
s

{Er}tr=01,...N
Pxp € Xk, k=0,...,N) < Pz € g, k=0,..., N-1). [ Vik,z,7)( [ Pf(zapi 1 Wior . k—1)(T)
Proof: By Lemma 1: ik k1

IZ(k —1,2)dz)dx =

P(xy € X, k=0,1,...,N) = f Z(N,XnN)dz

YN f (f V(k?,x,Fk)pf(z7ﬂk717wk717k_1)($)d$)'

Yg—1 Xk
I(k—1,2)dz =

= [ CJ Prapy_ Wy N-1)(2)I(N — 1, z)dz)dz
XN EnN-—1
[ V(k—1,2, 7" YI(k —1,2)dz,

f (f pf(lvltN,l7WN717N—1)(Z)dZ)I(N - 1,$)d$

St
S Sa and hence the result follows. [ |

The result above gives the way for rewriting the proba-
bility quantity (3) in terms of the cost functioW:

Proposition 4: Given N € N, a control policynr €
Un_-1 and a sequence of sef&i}r—01

IR ERRE]

/V(O,x,ﬂ')pxo (z)dz.

< [ I(N-1,z)dx
YN—1
N
=Pz € X, k=0,1,...., N—1),
and hence the result follows. ]
Inspired by [2], we now define the cost function as- S
sociated to the probability quantity (3) and hence to the  Proof: By applying Proposition 3 at step= 0, and
Stochastic Invariance Problem. Given a sequence of sdtg Lemma 1, the statement holds. ]
Yk, k=0,1,..., we introduce the following cost function By Proposition 4, it is possible to rewrite the Stochastic
V which associates a real numbg(k, z, 7%) € [0,1] to  Invariance Problem, as follows.

P(zp € 8,¥k =0, ..., N)



Problem 1. (Stochastic Invariance Problem) Given a

and hence.* is not the optimal control policy that solves

finite time horizon N € N and a sequence of setsproblem (12). The second part of the statement is trivial.

{Zk}k=0,1,...N, Where for anyk = 0, 1, ..., N, X, are
Borel subsets ofX, compute:

T = argsup/V(O,x,ﬂ)pXO(x)dx. (11)

s
o

[ |
We now give the main result of the paper: an algorithm
that enables the computation of optimal control policy
solving the Stochastic Invariance Problem, or equivalently
equation (11).
Theorem 6: The optimal value of the Stochastic Invari-

Problem 1, as reformulated above, highlights connecnce problem is equal to

tions between the Stochastic Invariance Problem and op-
timal control problems. Following [2], we now show how
to compute an optimal control policy by using a dynamic

programming approach.

p*(N)Z/E Jo(z)px, (x)dz,

where Jy(x) is given by the last step of the following

Before giving the main result of this paper, we need th&lgorithm,

following technical result.
Lemma 5: Given a measurable subsetof X, let be

n : X xU—=R,
UQ:X_)Ra

such thatn,(x) > 0 for any z € ¥ and letl, be the
class of feedback functions, i.&y = { : X — U}. The
optimal control policyu* € Uy, solving the following
optimization problem:

sup [ o o))y (o), (12)
HnEUy
>
is such that for any: € Uy,
m(z, p(x)) < ny(z, p*(2)), (13)

almost everywhere with respect o€ Y. Conversely, if
u* € Uy satisfies (13) for any: € 3, then u* is the
solution to the optimization problem (12).

Proof:
there exists a measurable sdt ¢ ¥, with non-zero
Lebesgue measure, such that for any A, inequality

For the sake of contradiction, suppose that

In(z) = Isy (2),

Ji(@) = sup [ Jr1(D)Psaupwin (2)dz,  (14)
ur€UN 4y

k=N-1,N-2,..,0.
Furthermore, ifi, () = @, maximizes the right hand side
of Equation (14) for each: € ¥} andk € N, then the
class of policiest = {f, ..., uy_, } is optimal.

Proof: For k = 0,1,....N — 2, let J}(x) be the
optimal cost for the{ N — k)—stage problem that starts at
statexz and timek, and ends at timeV, i.e. J}(z) =
sup,.« V(k,z, 7). Fork = N, we defineJ} (z) = Is(z).
We will show by induction that the functiong;:(.) are
equal to the functiondy(.), as defined in (14), so that for
k = 0 we obtain the desired result. Assume that for some
k and allz, we have that/;;  (r) = Jx11(z). Then, since
7 = (pg,, ™11, we have for allz,

Ji(x)= sup V(k,z, ") =

(g, +L)

sup f V(k + 1; 2, 7Tk+1)pf(a;,uk,Wk,k)(Z)dZ =

(g, o) S

(13) is not true. Then, there exists a feedback control policy

I € Uy such that

/ (@, B ()de > / (@, 1 () (@) de

A A

Define the following control policy,

i(z) = { if € X\A4,
Then,

if v € A.
f m(x, i(z))ne(x)dz
e

W (z),
ﬂ(x))

= [ (@, p*@)ny(x)dz + [0 (2, 4(z))n,(v)dw
T\A A

> [ oy, (@) ny(x)de + [0y (2, p* (), (z)de
\A4 A

= f n (@, ¥ (w))ne () dz,
)

sup f (Sup V(k + 1; 2, 7Tk+1))pf(a:,;tk,Wk,k)(Z)dz =

M Spqpq mwhtt

sup [ J1:+1(Z)pf(w,uk,wk,k)(z)dz:
Pr Xpi1

sup [ Tt 1 ()P f(a g Wi k) (2)d2 =
1223 Ek+1

heU S T (2D s wi k) (2)dz = Ji(2),
ur€UX 1
complefiﬁg the induction. The second equality holds by

definition of V' in (9). In the third equality, we moved the
supremum over* 1 inside the integral because of Lemma
5 and of the principle of optimality argument (see e.g. [2].)
In the forth equality, we used the definition df; (),
and in the fifth equality we used the induction hypothesis.
Finally, in the sixth equality, we converted the supremum
over u;, to a supremum oveiy, using the fact that for any
function F' of z andu, we have:

sup F'(z, u(z)) = sup F(z,u).
pnEeEUL uweU



B non-linear systems (e.g. [12]), with gaussian noises. More
Remark 1: Note that if the input spac& is compact, precisely, consider the following system:

then equation (14) can be replaced by: Prsr = fi(en k) + folan, )ug + Wi,
{ xkEX, ug € U, WkEW,VREN,

) J i ] whereX = U=W = R and X, and W, are gaussian
Stochasth Invarllar.lce Problem_ as formalized in Problenynqom variables with statistids8’(m, o) and N (my, o),

1, is given in a finite time horizon. It can also be of¢y. any 1« N. We suppose that Lebesgue measure of the

interest to study an infinite—time horizon version of theset{x eR: fo(z,.) =0} is zero.

Stochastic Invariance Problem. We conclude this section by ~qsider a finite time horizodV € N and a sequence

showing that the Stochastic Invariance Problem in infinite5¢ gatg

time horizon is well-defined and that a solution always S = [an,bi], k=0,1,

exists. More precisely, we show that given a sequence of

sets{3k }ren, WhereY,, is a Borel subset oKX, for any wherea; < by < oo, foranyk =0,1,..., N.

(17)

Uk €

Jk(x) = ma)&/ Jk+1(Z)pf(w,uk,,Wg,,k)(z)dz-
k41

N, (18)

k € N, the following limit does exist: We now characterize the Stochastic Invariance Problem
) for system (17), sequence of sets (18), within a finite time
p* = lim p*(N) horizon N.
_ th sup Pz € S, Yk = 0, ..., N). For any triple(z, u, k), the random variable
— 00 T

) fl(x,k:)—i-fg(x,k:)u—i—Wk,
The following result shows thai* (V) is a decreasing ] . o
function of V € N. is gaussian with statistics

Proposition 7: Given a sequence of set§%y}ien, N(fi(z, k) + folz, k)u + my, op).
whereX; is a Borel subset oX for any k& € N,
The cost function is given by:
p*(N+1)<p"(N), VNEeN. ; L\
Proof: Suppose by contradiction that there exists fan bu) (2), k=N
N such that: fbw Vik + 1,275 H),

ak+1

p(N) <p"(N +1). 15)  V(k,z,7") =
pwi(w = fi(zr, k) — f2(xk, k) )dw

Let 7% = (u, 7) be the optimal control policy that solves
the Stochastic Invariance Problem for stdp+ 1. By k=0,1,..

Proposition 2,

N —1.

b

Consider the first step of the algorithm of Theorem 6:

p*(N+1) = / I(N+1,2)dz < /I(N,x)dx, (16) In-i(zn-1)= sup V(N —1,zny_1,uy_1) (19)

YN+1 XN -1 €U
i . Wwhere:
whereZ(N + 1,x) is computed w.r.t. the control policy N B
m% and Z(N, z) is computed w.r.t. the control policy. Vb(N —LaN-1,uN-1) =
By combining inequalities (15) and (16), one gets: Jod pwy oy (w = fi(en—1, N = 1)+ (20)
—fa(@n-1, N = Dpy_q)dw.
p*(N) <p*(N+1) < /I(N,x)dx, The control inputu},_, that solves optimization prob-
N lem (19) is given by:
and thereforep*(N) is not the solution to the Stochastic any, if fo(xny_1, N —1) =0;
Invariance Problem at stepy. [ ] .
As a consequence, since the sequefigdN) ey is  FN-1(TN-1) = ¢ —my_ 4 DEN £ 2y N-1)
lower bounded by), we conclude that: fe@n—1,N=1) ’
otherwise.
Theorem 8: For any sequence of se{&j }ren, Where (21)
i is @ Borel subset oK for any k € N, This completes stepV — 1 of the algorithm of Theorem
lim p*(N), 6. Set:
N=eo an_1=V(N -1, zn_1, 1y ) =
does exist. INON
. 7277(1”]71 exp (— 20;;1]71 22) dz € (0,1).

IV. A SPECIAL CASE ONE DIMENSIONAL STOCHASTIC

An interpretation of the control},_, in (21) is that
CONTROL AFFINE SYSTEMS

it translates the mean value of the random variable
In this section, we consider the Stochastic Invariancéi(zn—1,N — 1)+ fo(zny-1, N — Dpuy_; + Wxn_1 into
Problem for the class of one dimensional control aﬁ‘iné“V%”N and hence, by simple geometrical considerations, it



maximizesV (N —1, xn_1, un_1)- Moreover, in this case,
the obtained/y_; (zx_1) does not depend any_, and
this makes the backward steps very easy to be computed.
In fact, by proceeding backwards it is easy to see that for
anyk=0,1,.... N —2:

) [2]
any, if fo(xg, k) =0
_7nk+w_fl(wk7k)

fa(zy,k)

pr(r) =

, otherwise. 3]

Therefore the optimal value obtained for the Stochastid4]
Invariance Problem is given by:

b[) 1
(6797 / exp (——
> a0 20

N-1 Bl

(V) (szo

(zo — m)2> dzo,

where: (6]

bkt1 %41
ak:/ ’ #exp —LZQ dz
_bkilgakil ‘/27T0-k 20’%

Consider now an infinite sequence of séfS; }ien,
where ¥;, = [a,b], for any k € N and suppose thai’;,
are gaussian random variables with statisN@sn’, o) for
any k € N. By setting:

(71
(8]

[9]

- [20]
[T L2V ae)
a = e Varo! exp 20122 z , 1),
’ [11]
we have:
b 1 12
p*(N) = aN_l/ exp (—— (xo — m)2> dxg. 12l
a 20 [13]
Hence, the probability to remain f[a, b] for any timek €
N is given by: [14]
p* = lim p*(N)=0. (15]

N—oo
V. CONCLUSION
[16]

In this paper, we formulated the Stochastic Invariance
Problem (SIP) for dynamical stochastic control systems.
Given a set within which the state of the dynamical system
must evolve, we derived conditions for finding a control
policy that maximizes the probability for the state to be
in the given set within a fixed a—priori finite time horizon.
We formulated the SIP as an optimal control problem and
we solved this by using a dynamic programming approach
[2]. We derived some results showing that the Stochastic
Invariance Problem is well-defined in an infinite time
horizon. Future work will concentrate on the study of the
Stochastic Invariance Problem in an infinite—time horizon
settings.
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