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ABSTRACT. In this paper, we focus on a particular subclass of hybrid systems, the class of affine
switching systems. We propose hybrid state space decompositions, based on hybrid invariant
subspaces, which reduce the computational effort required for checking the structural property
of asymptotic stabilizability.
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1. Introduction

In this paper, we focus on affine switching systems[De 04a], a subclass of hybrid
systems, where the continuous dynamics and the reset functions are affine and the
transitions depend only on an event that acts as a discrete disturbance. The continuous
dynamics are given by an affine dynamical control system (whose dynamical matrices
depend on the current discrete state) and therefore an input function can be designed
for controlling purposes.

Stahility issues of hybrid systems have been extensively investigated in the last
years (see e.g. in [Bra9g], [YE 98], [LIB 03], [SUN 05] and references therein).
However checking stabilizability of switching systems is not an easy task in gen-
erd (seeeg. [LIB 03]) and a complete characterization of stabilizability properties of
switching systems is still missing. This is the reason why in this paper we focus on
some structural reductions of the hybrid state space, which allow the original problem
to be split into simpler subproblems. At first it is shown that asymptotic stabilizabil-
ity of an affine switching system can be reduced to the asymptotic stabilizability of
a linear switching system. Connections to the well-known Kaman decomposition of
linear dynamical control systems are also established. The present paper extends the
results of [De 06d]. Dual results on detectability based state space reductions have
been recently established in a companion paper [De 06b].

The organization of the paper is as follows. We first recall some definitions of
switching systems and stabilizability in Section 2. Then we define in Section 3 invari-
ant hybrid subspaces, thereby extending to the hybrid framework the notions given
in [BAS69] for the linear case, and we propose an algorithm for the computation of
the minimal invariant hybrid subspace containing a given hybrid subspace. In Section
4, by means of this minimal hybrid subspace, we define a state space transformation
of the system, which alows stating conditions for stabilizability. Based on this re-
sult and on [De 06al, the given system is decoupled into controlled and autonomous
linear switching subsystems. The asymptotic stabilizability of the first ones and the
asymptotic stability of the latter ones imply the asymptotic stabilizability of the given
system. Some concluding remarks are offered in Section 5.

2. Preliminaries and basic definitions

Aim of this section is to introduce the preliminary definitions and the problem
setting of this paper: Section 2.1 introduces the class of affine switching systems and
Section 2.2 formalizes the structural dynamical property under study.
2.1. Switching systems

In thissection, we formally introduce the class of affine switching systems, follow-
ing the general model of hybrid automata (see e.g. [Lyg 96]).
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The hybrid state ¢ of an affine switching system is composed of two components:
the discrete state ¢;, belonging to a finite set () and the continuous state =, belonging
to a linear space R™¢, whose dimension n; depends on ¢;. The evolution of the dis-
crete state is governed by a Finite State Machine (FSM); atransition ¢ = (¢, o, qn)
may occur at time ¢ from the discrete state ¢; to the discrete state gy, if the discrete
disturbance o occurs at time ¢. The evolution of the continuous state is described by
a set of affine dynamical systems, whose matrices depend on the current discrete state
q;- Whenever atransition e occurs, the continuous state « is instantly reset to a new
value R(e)x + r(e), where R(e) and r(e) depend on the transition e. More formally,

Definition 2.1. An affine switching system S is a tuple
(E?@7S7E7M)7

where:

-2 = U, eq @i} x R is the hybrid state space, where Q = {¢;,i € J} is
the set of discrete states, J = {1,2,..., N} and R™ is the continuous state space
associated with the discrete state ¢; € Q;

- 0O = X x U is the hybrid input space, where ¥ = {0, h € J1} is the set of
discrete disturbances, J; = {1,2,...,N;} and U = R™ is the continuous input
space;

— S is a map associating to any discrete state ¢; € @ the following affine dynami-
cal control system:

x(t) = Alx(t) + Bﬂl,(t) + d;,
where z(t) € R™ is the continuous state, and w(t) is the continuous input;
- F C @Q x X x @ isacollection of transitions;

— M is a function that associates to any e = (¢4, 0, q,) € E and any x € R™ the
state M (e, x) = R(e)x + r(e) € R™".,

An affine switching system is said to be a linear switching system if d; = 0,
Vg; € @ and r(e) = 0, Ve € E and for simplicity we refer to a linear switching
system by means of the tuple (=, 0, S, E, R). An affine switching system is said to
be autonomous if U = {0}.

We now formally define the semantics of affine switching systems. First of all we
assume throughout the paper that the discrete disturbance is not available for mea-
surements, thus yielding a non—deterministic system, and that the class of admissible
continuous inputsis the set ¢/ of piecewise continuous control functionsu : R — U.
As defined in [Lyg 96], a hybrid time basis 7 is an infinite or finite sequence of sets
I ={teR:t; <t <}, witht] =t;1;setcard(r) = L + 1. If L < oo, then
t, can be finite or infinite. A hybrid time basis 7 is said to be finite, if L < oo and
t} < oo and infinite, otherwise. Since linear switching systems are time invariant, we
assume without loss of generality that ¢, = 0 inany hybridtime basis. Throughout the
paper, we assume that there is a minimum time separation between two consecutive
transitions:
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Assumption 1 (Minimum dwell time) There exists areal §,, > 0, caled minimum
dwell time [Mor 96], suchthat t. —t; > 4, for any hybridtime basis .

The existence of aminimum dwell timeisawidely used assumptionintheanalysis
of switching systems (e.g. [Mor 96], [LIB 03], [De 06¢] and the references therein),
and models the inertia of the system to react to an external (discrete) input. 7 denotes
the set of al hybrid time bases satisfying Assumption 1. The temporal evolution of an
affine switching system can be defined as follows.

Definition 2.2. (Switching system execution) An execution x of an affine switching
system S is a collection (&g, 7, 0,u, &) withég € Z, 7€ T,0 : N — X, u € U,
¢ :R x N — E. The hybrid state evolution ¢ is defined as follows:

£(0,0) = &,
g(ta]):(q(])7 (t ])) tEIJ7J:OaLaL7
f(tg+17]+1) ( (]+1)7R( ) ( 7j)+r(€j))a j:Oala"'aL7

)

where ¢ : N — Q, e; = (q(j),0(j4),q(j +1)) € Eand z (¢, ) is the solution at
time ¢ of the dynamical system S (¢ (5)), with initial time ¢ ;, initial condition x (¢ ;, j)
and continuous input .

Given S and an execution x, set 7 (t) = (¢, ), t € [t;,t}), j = 0,1,..., L. We
assume that the hybrid state evolution is available for control synthesis: the set
y = {77|[0’t] y1: R _>Eat Z 0}

embeds all theinformation on the hybrid state evol ution available for control purposes.
A control strategy ¢ isafunction : ) — U such that the function defined by w (¢) =
@(nljp,4), t = 0 belongstol{. A switching system S together with a control strategy
¢ is called controlled switching system and its executions with u (t) = ¢ (7] ).
t > 0 are called controlled executions.

2.2. Asymptotic stabilizability
This section is devoted to the formal definition of asymptotic stabilizability of
affine switching systems.

We start by formally defining the notion of equilibrium points for switching sys-
tems.

Definition 2.3. An equilibrium point of an affine switching system S is a set

5= {ai} x {:}, 1)

%EQ

1

such that for any execution x = (o, 7, 0, u, £) of S with hybrid initial state £ €
and control u(t) = 0,Vt > 0,

£(t,j) €ENVt eI, ¥j=0,..., L. )
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A set = as in (1) is a controlled equilibrium point of an affine switching system S if
there exists {u; € R™,i € J} such that condition (2) is satisfied for any execution
x = (&, T, 0, u, &) of S with hybrid initial state £ € = and control u € U defined by:

u(t) =w;, ¢(j)=q, t€l;, 7=0,1,..,N.
By definition above, given an affine switching system S, = isa controlled equilib-

rium point for S if and only if there exists {u; € R™, 4 € J} such that the following
equations are satisfied:

Aixi—FBiui—Fdi:O, Vi=1,2,...,N, (3)
R(e)x; + r(e) = xp, Ve = (¢, 0,qn) € E,

The set of equilibrium pointsof S asin (1), can be computed by solving linear equa-
tions (3) where w; = 0, Vg; € Q.

Given alinear switching system S, the set:
0s = i 0;}, 4
s=U, o fad < {03 @

is an equilibrium point for S. In the following we refer to the set 0 s, as the hybrid
origin associated with S.

We can now formally introduce the notion of asymptotic stabilizability. Set
B:= i Bl',
U(Ii €Q {q } %

where B; = {z € R" : [|z||, < 1}foranyi e Jandforany e > 0, set

eB = queQ {q:} x eB;.

Given an equilibrium point = asin (1), define:
E+4eB = queQ {g:i} x {z:i} +eBi).

Definition 2.4. Given an affine switching system S, a controlled equilibrium point =
of S is asymptotically stabilizable if there exists a control strategy ¢ such that Ve > 0
and for all controlled executions of S with hybrid initial state in = + B, there exists
£ > 0 such that:

£(t,j) €E+eB,Vt € IjN[i,00), ¥j=3j+1,.... L, (5)
where j = min{j : £ € I;}. The control strategy ¢ is called stabilizing for =

We now show that, as in the case of affine and linear systems, asymptotic stabi-
lizability of affine switching systems can be reduced to asymptotic stabilizability of
linear switching systems.
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Given an affine switching system S = (=, 0, S, E, M), and a controlled equilib-
rium point = of S asin (1), define ahybrid state space transformation that associates to
any hybrid state (¢;, «) € = the hybrid state (¢;, = — x;) € Z. By applying thistrans-
formation to the affine switching system S, one obtainsthe following linear switching
system §'= (2,0, 5, E, M'), wherefor any ¢; € @, S(¢;) isgiven by dynamics:

x(t) = A;x(t) + Biu(t),
andforany e € E, M'(e,x) = R(e)x. By construction, we obtain

Proposition 2.1. Given an affine switching system S, a controlled equilibrium point
= of S is asymptotically stabilizable if and only if the hybrid origin 0 s of S’ is asymp-
totically stabilizable. If , is a stabilizing control strategy for =, then ' is a stabilizing
control strategy for the hybrid origin 0 s/, where:

¢ (Mljo,9) = (nljp ) — wi t >0,

and g; is the discrete state component of 7| o4t =0

From the result above, given a linear switching system S’, a controlled equilib-
rium point = of S’ is asymptotically stabilizable if and only if the hybrid origin 0 s
is asymptotically stabilizable. For this reason there is no loss of generality in char-
acterizing asymptotic stabilizability of the hybrid origin of alinear switching system
when studying asymptotic stabilizability of a controlled equilibrium point for an affine
switching system.

A linear switching system S is said to be asymptotically stabilizable if the hybrid
origin 0s of S isasymptotically stabilizable. If alinear switching system S is asymp-
totically stabilizable and verifies conditions (5) with = = 0s and ¢ = 0, then S is
called controllable. An autonomous linear switching system that is asymptotically
stabilizable is said to be asymptotically stable.

Remark 1. From the definition above, it is easy to see that a linear switching system
S with minimum dwell time 6., > 0 is controllable if and only if every linear system
S(q), g € Q is controllable.

Since our purpose is to reduce the state space while preserving stabilizability
(hence an asymptotic property), we consider only executions of infinite duration.

3. Invariant hybrid subspaces

Aim of this section is to introduce an invariant linear hybrid subspace that will
be the basis upon which stabilizability analysis for linear switching systems can be
performed.

The notion of invariant linear subspace for linear switching systems can be defined
asfollows.
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Definition 3.1. A set
Q:Umy{qz‘} x Q; CE

is a hybrid linear subspace of =, if J' = J and 2, is a linear subspace of R™, for any
ieJ.
For shortness, a hybrid linear subspace will be simply called subspace.

Definition 3.2. Given a linear switching system S, a set
Q=U;es{ai} xQ CE,

is S—invariant if, for any initial hybrid state £, €  and for any execution x =
(&0, T, 0,u, &) withu(t) = 0,Vt > 0,

£(t,§) e LVt € I;,¥j =0,1,..., L.
The following result gives a necessary and sufficient condition for a subspace to
be S—invariant.

Proposition 3.1. Given a linear switching system S, a subspace | J,c; {gi} x Q; is
S—invariant if and only if for any ¢ € J the following conditions hold:

— R(e) C Qp, forany e = (¢;, 0, qn) € E.

Since the intersection of any two S—invariant subspaces is an S—invariant sub-
space, the minimal S—invariant subspace containing a given subspace iswell defined.

Let
G =Uics{ai} x Gi (6)
be the minimal S—invariant subspace containing

H=Ues{a:} xIm(By).

Foranyi e J,let
Ci=(B AB ... A"'B;)
be the controllability matrix associated with the linear system S(q;) and set
R =Ucs{a} x R,
where R; = Im (C;). The following result holds.

Lemma 3.2. The set G is the minimal S—invariant subspace that contains the hybrid
subspace R.
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The following result illustrates a procedure for computing G in a finite number of
steps.

Theorem 3.3. Given S, define the sequence of subspaces QF ¢ R™, k =0,1,2,. ..
1€ J,as
Q) =R,

n;— h
Qf = h:Ol (4i) (I’f
OF =3 R((a5,0,9:))92 "+ 97

where J; = {j € J : (¢j,0,q) € E}. The sequence {QF,i € J}x—o.1.2,.. converges
ink* < Y2 n, steps and

G =Uies{ai} x Q.

By definition, the discrete evolution of the linear switching system S = (£, 0, S,
E, R)isdescribed by theFSM (Q, X, E). Werecall that the FSM issaid to be strongly
connected if there exists a path between any pair of discrete statesin Q. By combining
Proposition 3.1 and Theorem 3.3, the following result is obtained:

Proposition 3.4. If n; = nforanyi € J,if R(e) = I foranye € E,and if (Q,X, F)
is strongly connected, then R
Gg=Qxg,

where G C R™ is the minimal linear subspace of R™ satisfying for any i € J the
following conditions:
A,G C G, Im (B;) C G.

Remark 2. The subspace G coincides with the ‘multiple controllable subspace’, as
defined in [SUN 05] in the framework of switched linear systems.

4. State space reductions based on stabilizability

Itiswell-knownthat alinear system S isasymptotically stabilizableif and only if a
suitable subsystem extracted from S is asymptotically stable. In the context of genera
linear switching systems, stabilizability conditions become abit more involved.

In this section, we show how to extract from a given linear switching system S,
a number of subsystems so that the stabilizability of some of them and the asymp-
totic stability of the remaining ones imply the stabilizability of S. This reduces the
computational effort required for checking stabilizability.

Our procedure is based on the reduction of the state space of the linear switching
system S by means of the invariant hybrid subspace G, as defined in the previous
section.
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Given the hybrid invariant subspace G asin (6), let u; < n; be the dimension of
G; and define a hybrid state space transformation for S as follows. For each i € J,
consider the matrix:
T = (bf...0, vj...v ) € RMxmi,

MG — g

where thevectorsbt, . .., b¢, areabasisfor G; and thevectorsvi, . .., vi are such

e % T UM
that T; isfull rank. Then the matrices:

A = T, ' AT,

B =T 'BjicJ

R(@) = Th_lR(e)z—‘la €= (q“ g, Qh) )

take the form:
R 40D 402) N J21e)
A; = ‘ (22 |> B; = ! ,
0 A; 0
_ ROV p(2) )
R(@) = < B RZQQ) ) )

where A1 ¢ Rixii | The linear switching system obtained after the hybrid state
space transformation is algebraically equivalent [POL 06] to the linear switching sys-
tem S. Notethat, in general, the pair (A<11), Bfl)) is not controllable.

K3

We can define the following autonomous linear switching system (uncontrollable
subsystem of S):
Sun - (Eun; @; Sun; Eun; Run) 5

where;
=Zun = Uiey,, {ai} x R T = {i € J 2 s < i}y
—forany i € Jun, Sun(g:) isdescribed by the equation:
A1) = AP (0);
—Eun={e=(¢,0,q;)) €E:i,j€ Jun};
—forany e € Eyup, Run(e) = R?.

The following result gives a relationship between stabilizability properties of S
and stability propertiesof S.,., .

Theorem 4.1. If u; < n;, Vi € J, the system S is asymptotically stabilizable only if
Sun is asymptotically stable.

A stronger result can be assessed under the following assumption:

Assumption 2 Forany i € J,0 < pu; < n;.
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Note that if 4; = 0, then B; = 0 and any continuous state in G, is reset to the
origin after any transition of theform (¢, 0, ¢;) € E.

Under Assumption 2, we can define the linear switching system (controlled sub-
system of S):
Sc - (Ecy @; Sca E, Rc)y

where:

=B =Ujes {a:} xR,
—forany i € J, S.(¢;) is described by the equation:

2(t) = Az (t) + BMu(t);

—foranye e E, R.(e) = RV,

On the basis of the above decomposition, we now show that the asymptotic stabi-
lizability of S can be reduced to the asymptotic stabilizability of S . and the asymptotic
stability of S,

Theorem 4.2. If Assumption 2 holds, then S is asymptotically stabilizable if and only
if S. is asymptotically stabilizable and S .., is asymptotically stable.

The result above clearly linksto the classical Kalman decomposition of linear sys-
tems. We now show that the Kalman decomposition—based stabilizability characteri-
zation of linear systems can be extended to switching systems. We first need to intro-
duce a particular class of controls. A control strategy ¢ is said to be a static hybrid
linear state feedback, if for any discrete state i € J, thereexistsamatrix K; € R™* ™
such that:

(1) = Kiz(t, j),

n(t) = (g, (¢,7))
A switching system S is said to be asymptotically stabilizable via static hybrid linear
state feedback if it is asymptotically stabilizable and the stabilizing control strategy is
a static hybrid linear state feedback.

Thefollowingresult showsthat, under appropriate assumptions, the switching sys-
tem S isasymptotically stabilizableif and only if S.,,, isasymptotically stable.

Proposition 4.3. If Assumption 2 holds and if
g="R, 8

then S is asymptotically stabilizable if and only if S ,,, is asymptotically stable. More-
over, in this case, S is asymptotically stabilizable via static hybrid linear state feed-
back.

Even if condition (8) is not satisfied, some conditions on the switching system are
given in [De 04b], under which asymptotic stabilizability of S isimplied by asymp-
totic stability of Syp,.



Stabilizability of affine switching systems 11

We illustrate our result by means of a procedure that reduces step by step the
computational effort required for checking stabilizability of linear switching systems.
Here we assume that Assumption 2 holdsfor all the hybrid subspaces computed in the
procedure.

In the following, controllable location means a discrete state ¢; € @ whose as-
sociated linear system S(g;) is controllable. A strongly connected component of the
linear switching system S is a linear switching subsystem whose FSM is a strongly
connected component of the FSM associated with S; such a system will be called
maximal when its discrete state space is the maximal subset of @) having the property
above.

Given a linear switching system S = (£, 0, S, E, R), define the restriction of S
to asubset Q' of ) asalinear switching system:

S|Q’ = (5/7@75/7E/7R/)! (9)

where:
2 =Ugeq {ai} xR
S'(q) = S(q), Vg € Q';
E' ={(gi,0,qn) € E : qi,qn € Q'};
R'(e) = R(e),Ve € E'.

Removing locationsin Q" € @ from S means defining the restriction of S to Q' =

QA\Q".

Procedure (Stabilizability-based Reduction)

1) Given a linear switching system S, let Q1 be the set of discrete states g € Q
such that S(q) isnot controllable.

2) If @1 = @ then STOP: S is controllable. Otherwise let S; be the restriction
of Sto Q.

3) Compute the maximal strongly connected components ;, i € J*, of S; (S;
is asymptoticaly stabilizable if and only if each F; is asymptotically stabilizable
[De 06a)); let J£, be the index set associated with the discrete states of F;, for any
i€ Jh

4) Computethe invariant subspace G = (,,c,,. {an} x 6", for each strongly

connected component F;. Let Sf) be the controlled subsystem of 7/, i € J*, where
JF is obtained by removing the locations ¢, with gfﬁ = {0} from F;.

5) If Sf) is not asymptotically stabilizablefor some i € J !, then STOP: S isnot
asymptotically stabilizable.

6) Remove the locations gp,, h € Jz,, for which gfj’ = R"* and Sf) is asymp-
totically stabilizable (for any execution with initial discrete state ¢ 5, the hybrid state
remains in G(*), for any control action. Since S f) is asymptotically stabilizable, then
qn can beremoved [De 06d]). Let ), be the reduced discrete state space.
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7) If Q2 = @ then STOP: S isasymptotically stabilizable. Otherwise let S be
the restriction of S; to Q5.

8) Compute the maximal strongly connected components Fi i€ J? of Sy.
9) Compute the invariant subspace G(), for each 7. Let SY i e J? bethe
uncontrolled subsystems of ;.
10) STOP: Return {S." i € J'} and {S.,, i € J?}.

Since controllability implies stabilizability, and controllability is easy to check (cf.
Remark 1), in the following theorem we assume that S is not controllable.

Theorem 4.4. The stabilizability-based reduction procedure converges in a finite
number of steps. A noncontrollable linear switching system S is asymptotically sta-
bilizable if and only if the linear switching system Sf) is asymptotically stabilizable
Vi € J! and the linear switching system 5;)1 is asymptotically stable Vi € J2.

This last theorem decomposes the problem of checking stabilizability of a given
linear switching system into simpler subproblems. In particular, the given system is
decoupled into controlled and autonomous linear switching subsystems. The asymp-
totic stabilizability of thefirst onesand the asymptotic stability of thelatter onesimply
the asymptotic stabilizability of the given system.

5. Conclusions

In this paper, we considered affine switching systems and proposed some state
space decompositions, based on hybrid invariant subspaces, which yield a complexity
reduction in checking stabilizability. The given system is decoupled into controlled
and autonomous linear switching subsystems. The asymptotic stabilizability of the
first ones and the asymptotic stability of the latter onesimply (and are implied by) the
asymptotic stabilizability of the given system.
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